Indiscrete representations, laminations, and tilings Lee Mosher January 21, 1997 One of the themes of geometric group theory is that if you wish to study a group geometrically, you are free to choose your favorite space on which the group acts. Typically one uses proper, geodesic metric spaces on which the group acts properly discontinuously and cocompactly|recall that proper means that closed balls are compact, and geodesic means that any two points are connected by a path whose length equals the distance between the endpoints. If you desire to work with spaces that are not geodesic, well, that can be accomodated. Gromov de nes a metric space X to be quasigeodesic if there exist r; > 0 such that for any two points x; y 2 X there is a nite chain x = x 0 ; x 1 ; : : : ; x k = y in X such that d(x i?1 ; x i ) r for i = 1; : : : ; k, and P k i=1 d(x i?1 ; x i ) d(x; y) (see Gro93] p. 5). The following theorem codi es the above theme. For Riemannian metric spaces it is due to Svarc Sva55] and Milnor Mil68] ; the generalization to quasigeodesic metric spaces is easily obtained.
Theorem. Suppose that a group G acts properly discontinuously and cocompactly by isometries on a proper, quasigeodesic metric space X. Then G is nitely generated, and the word metric on G is quasi-isometric to X. More precisely, given a base point x 2 X, the orbit map O x : G ! X de ned by O x (g) = g x is a quasi-isometry between G and X.
A properly discontinuous action of a group G on a proper metric space X is the same as a discrete representation G ! Isom(X) with nite kernel|for example, a discrete, faithful representation.
When a topologist or geometric group theorist (myself included) encounters a representation G ! Isom(X) which is indiscrete and/or unfaithful, there is a strong tendency to run the other way, fast. I want to describe a method whereby you may still be able to learn a lot about G, even if the representation is indiscrete or unfaithful. I will describe this method in several equivalent ways, including a
Thanks to the University of Melbourne for support and hospitality, during a visit in July 1996.
The author was supported by an NSF grant description in terms of laminations whose leaves \look like" X, and in terms of tilings of X. I will also give examples of interesting, indiscrete representations where X is: hyperbolic space, in particular the hyperbolic plane; other homogeneous negatively curved Riemannian spaces; and euclidean space, in particular the euclidean plane. In one particular example, the \solvable Baumslag-Solitar groups" BS(1; n) acting on H 2 (see example 9), the lamination associated to this action has been used to prove quasi-isometric rigidity theorems for BS(1; n) (see FM96] , FM]).
Preliminaries
Here is a quick review of basic terminology and facts.
A metric space X is proper if closed balls are compact. An important feature of a proper metric space is that Isom(X) is a locally compact group in the compact open topology. Also, for each compact set K X, the set f 2 Isom(X) (K)\K 6 = ;g is a compact subset of Isom(X).
An isometric action of a group G on a metric space X is the same as a representation : G ! Isom(X). We shall write g x as a shorthand for (g)(x), when is understood. The action is faithful if it is injective.
An action : G ! Isom(X) is properly discontinuous if for each compact set K X the set fg 2 G g K \ K 6 = ;g is nite. When X is a proper metric space, proper discontinuity of is equivalent to ker( ) being nite and (G) being a discrete subgroup of Isom(X).
The action is cocompact if there exists a compact set K X such that S g2G g K = X. If X is a proper metric space, cocompactness of is equivalent to (G) being a \uniform subgroup" of Isom(X), which we take to mean that there is a compact subset of Isom(X) whose translates by (G) cover Isom(X). If in addition is properly discontinuous, cocompactness of is equivalent to the quotient space X=G being compact.
Given a metric space X, a subset` X is said to be coarsely dense if there exists C 0 such that for each x 2 X there exists y 2`such that d(x; y) C; we also say that`is C-coarsely dense in X.
A map f : X ! Y between metric spaces is Lipschitz if there exists K 1 such that d Y (f(a); f(b)) Kd X (a; b) for all a; b 2 X; we also say that f is K-Lipschitz.
Given metric spaces X; Y , a coarse Lipschitz map from X to Y is a map f :`! Y with the following properties:
`is a coarsely dense of X. f is Lipschitz with respect to the restricted metric on`.
If`is C-coarsely dense with C = 0 then`= X and we obtain just a K-Lipschitz map from X to Y . If f is an injective coarse Lipschitz map from X to Y , and if f ?1 is a coarse Lipschitz map from Y to X, then we say that f is a quasi-isometry between X and Y . If f is an injective coarse Lipschitz map, and if f ?1 is a Lipschitz map from f(`) to X, then we say that f is a quasi-isometric embedding of X into Y . A quasiisometry between X and Y is therefore the same as a quasi-isometric embedding of X into Y with coarsely dense image.
The literature contains several competing but closely related de nitions of quasiisometries and quasi-isometric embeddings. For example, an alternative de nition of a quasi-isometric embedding of X into Y is a map f : X ! Y such that for some constants K 1 and C 0 we have 1=K d X (x; y) ? C d Y (f(x); f(y)) K d X (x; y) + C. One may obtain a quasi-isometric embedding in our sense by restricting f to a coarsely dense subset` X such that any two points of`are separated by at least C. Similarly, given a quasi-isometric embedding f :`! Y in our sense, one may extend f to a map de ned on all of X by rst mapping x 2 X to a point of`at smallest distance from x, and then composing with f; this extended map is a quasi-isometric embedding on the second sense.
Laminations
Suppose you have a group G acting by isometries on H 2 , say, but maybe this action is not properly discontinuous. We wish to describe a method for analyzing G geometrically, despite the lack of proper discontinuity.
Think of the hyperbolic plane as a large pizza pie. Take a very sharp knife and slice all the way through the pizza with a horizontal cut, making two parallel pizza pies (do not cut in the usual way, using radial cuts to get pizza wedges). Continue to slice the hyperbolic plane into many parallel copies, forming a stack of hyperbolic planes. The object of this exercise is to do this so that the action of G on H 2 can be lifted to a properly discontinuous action of G on the stack of hyperbolic planes.
To formalize this notion we need the concept of a hyperbolic lamination, or more generally an X-lamination where X is a proper, quasigeodesic metric space. The lamination described above has the property that each leaf is a copy of X. More generally, we want laminations whose leaves look like X locally, but perhaps not globally.
De nition of an X-lamination Informally, an X-lamination is a metric space which is decomposed into \leaves" which look locally like X, and which t together in a local product structure of the form (open subset of X) (local transversal).
The leaf topology on is the topology whose basis sets have the form D t. A leaf is a connected component of the leaf topology. Thus a leaf \looks locally" like X|each leaf is a metric space which is locally isometric to X. Example 1. For any locally compact metrizable space T there is an X-lamination X T whose leaves are of the form X t. We might choose a proper, quasigeodesic metric on T and put the product metric on X T, and it would certainly be fair to refer to X T as a \metric product lamination". But we might also choose some proper, quasigeodesic metric on X T that is not bilipschitz equivalent to any product metric; in this case we say that X T is a topological product lamination.
Example 2. Here is a concrete example of a topological product lamination which is not a metric product. Fix an integer n 2. Let T n be a homogeneous oriented tree, such that for each vertex V of T n there is one incoming edge and n outgoing edges at V . Choose a metric on T n so that each edge has length 1. Choose a base point p 2 T n . With these choices there is a unique map f : T n ! R such that f(p) = 0, and for each edge E T n the map f E is an orientation preserving isometry onto a segment of length 1 in R.
De ne the points of a lamination n to be all pairs ( ; x) where : R ! T n is a section of f and x 2 R.
De ne a metric on n as follows. Given ( ; x) 2 n and r 0 let r ( ; x) = f (y) 2 T n y 2 R; d(x; y) rg. Given To see that n is quasigeodesic, note that the map n 7 ! T n given by ( ; x) 7 ! (x) is a quasi-isometry between n and T n , and \quasigeodesic" is a quasi-isometry invariant.
The R-lamination n has one leaf for each section : R ! T n , consisting of all pairs ( ; t) for t 2 R. The lamination structure itself is given by a global chart which makes n into a topological product lamination, as follows. Let Ends(T n ) be the space of ends of the tree T n , a Cantor set. Since each vertex of T n has one incoming and n outgoing edges, there is a unique end e ?1 2 Ends(T n ) with the property that for any section : R ! T n of the map f, Thus the leaf of n corresponding to e is identi ed with (R), which is the unique line in T n connecting the ends e ?1 and e .
The lamination n is clearly not a metric product lamination, and in fact n is not even quasi-isometric to a metric product lamination, because any two leaves of n contain points which come arbitrarily close to each other, as those points converge to the end e ?1 .
Laminable representations
Let : G ! Isom(X) be an action of G on X. We call this action laminable if there exists an X-lamination , a continuous map q : ! X called a resolution, and a properly discontinuous, cocompact action of G on , given by : G ! Isom( ), such that: q maps each leaf isometrically onto X. It follows that is a topological product lamination of the form X (q) where (q) is the space of all sections of q : ! X whose image is a leaf of .
respects the X-lamination structure; in particular, takes leaves isometrically to leaves. q is equivariant with respect to and , i.e. q( g (x)) = g (q(x)), for all x 2 and g 2 G.
Remark. In the above de nition, it is required that be a proper metric space and that G act by isometries. Nonetheless, if we require only that be locally compact Hausdor , and that G act properly discontinuously and cocompactly, a proper G-equivariant metric is easily constructed.
Fact. Every laminable action is cocompact. If : G ! Isom(X) is a laminable action, then the image of the orbit map O: GtoX, given by O(g) = (g)(x 0 ) for any base point x 0 2 X, is coarsely dense in X.
Proof. If q : ! X is a resolution of , and if K is a compact set whose translates under G cover , then q(K) is a compact set whose translates under G cover X. This shows that laminable actions are cocompact. Cocompactness obviously implies that the image of the orbit map is coarsely dense.
}
This fact gives a necessary condition for laminability. See example 16 to see that the condition is not su cient.
Example 3. Let X be a metric space, G a group acting freely, properly discontinuously, and cocompactly by isometries on X. Obviously the action G ! Isom(X) is laminable, with X itself as an X-lamination with one leaf. Now let N = X=G, let F be any nite cell complex, let M = N F, and let ? = 1 (N) 1 (F) = G 1 (F). The composition ? ! G ! Isom(X) is a laminable action, the lamination being X e F with leaves of the form X t, t 2 e F . Given a properly discontinuous action of G on an X-lamination , if is a free action, that is if g has no xed points for each nontrivial g 2 G, then the quotient =G has the structure of an X-lamination, although the leaves are only locally isometric to X, not necessarily globally isometric. In example 3, the quotient lamination (X e F )=G is itself a product lamination N F with leaves of the form N s, s 2 F. De ne the lamination to be the set of all pairs ( ; t) such that 2 r and t 2 R. There is a topological product structure R r which gives the structure of a locally compact lamination. The group G acts by postcomposition on r , and so we obtain an action of G on which is easily seen to be properly discontinuous and cocompact. The metric constructed in example 2 may easily be adapted to the present situation, to produce a proper metric on with respect to which G acts isometrically. The map ! f M, given by ( ; t) ! (t), is a quasi-isometry between and f M, and from this it follows that is quasigeodesic.
Problem 6. Generalize example 5 to show that any cocompact, simplicial action of a nitely generated group G on a locally nite, simplicial tree T is laminable (there is a unique geodesic metric on T so that each edge has length 1; local niteness is equivalent to T being a proper metric space). For example, if G splits over a subgroup H, so G is either an amalgamated free product G = A 1 H A 2 or an HNN amalgamation G = A H , then G acts cocompactly on the Bass-Serre tree T of the amalgamation Ser80]. If the index of H in A 1 ; A 2 (resp. A) is nite, then T is locally nite, and so the action of G on T should be laminable. It might be interesting to construct a resolving lamination explicitly for these examples.
Problem 7. Suppose one sacri ces the properness requirement for the metric space X and for X-laminations. Show that any cocompact, isometric action of a nitely generated group G on an R-tree is laminable.
Example 8. Number theorists tell us that by using quaternion algebras, you can produce groups G acting properly discontinuously and cocompactly on H 2 H 2 , such that the action cannot be written as a product of cocompact, properly discontinuous actions. Thus, you obtain a representation of the form : G ! Isom(H 2 ) Isom(H 2 ), such that the factor representations 1 ; 2 : G ! Isom(H 2 ) de ned by (g) = ( 1 (g); 2 (g)) are indiscrete. Nevertheless, the representation 1 is obviously laminable, because it respects the H 2 lamination on H 2 H 2 whose leaves have the form H 2 (point); similarly for 2 . Example 9. My muse, the group BS(1; n) = a; b bab ?1 = a n This group is one of the \Baumslag-Solitar" groups BS(m; n) = a; b ba m b ?1 = a n . The groups BS(1; n) are precisely the solvable Baumslag-solitar groups.
There is a representation : BS(1; n) ! Isom(H 2 ) = PSL(2; R) given by . We shall show that this representation is laminable; this example was the one which rst suggested to me the general concept of a laminable representation. First we need a 2-complex X n on which BS(1; n) acts properly discontinuously and cocompactly. The complex X n has been described in ECH + 92]; see also FM96]. We describe X n together with a projection map p: X n ! H 2 which is equivariant with respect to the actions of BS(1; 2) on X n and on H 2 .
To start the construction of X n , consider a horobrick H, a subset of H 2 which is isometric to the \model horobrick" H ?n; 0] 1; n]. Each vertical side of a horobrick is a geodesic segment of length log(n); label each with an upward pointing b. The top side is a horocyclic segment of length 1; label it with a rightward pointing a. The bottom side is a horocyclic segment of length n; cut it into n subsegments of equal length 1, and label each subsegment with a rightward pointing a. Now glue horobricks together in the freest possible way to construct X n . First glue together a Z-family of horobricks H i , i 2 Z, by gluing the right vertical side of H i?1 isometrically to the left vertical side of H i , preserving the direction of the b labelling. The result is a horostrip, which in the upper half plane model is given by 1 y n.
Now glue horostrips together in the pattern given by the tree T n from example 2: for each edge e 2 T n there is a horostrip S e . For each vertex V 2 T n , let e be the inward pointing edge and e 1 ; : : : ; e n the outward pointing edges at V . Glue the top of the horostrip S e isometrically to the bottoms of the horostrips S e 1 ; : : : ; S en , so that a edges are glued to a edges preserving orientation, and so that b edges in S e i are disjoint from b edges in S e j whenever i 6 = j.
This gives the complex X n . Note that there is a homeomorphism X n T n R, but the metric on X n is not the product metric.
There is an action of BS(1; n) on X n such that each horobrick is a fundamental domain. To see why, if a horobrick H is glued up by identifying all a edges and all b edges, the resulting 2-complex C n has fundamental group BS(1; n), and clearly X n is the universal cover of C n .
A projection f : X n ! H 2 is de ned so that each fundamental domain in X n maps isometrically to a horobrick in H 2 . We may normalize the projection f by choosing one particular fundamental domain and requiring it to map onto the model horobrick ?n; 0] 1; n] in the upper half plane. Now we are ready to de ne the resolving lamination. Let be the set of all pairs ( ; x) where : H 2 ! X n is a section of the projection map f : X n ! H 2 and x 2 H 2 . De ne a proper, quasigeodesic metric on by exactly mimicking the construction of a metric in example 2. There is a lamination structure on with one global coordinate chart H 2 ? Ends(T n ) ?fe ?1 g . The leaf corresponding to e 2 Ends(T n ) ? fe ?1 g is the inverse image, under the map X n R T n 7 ! T n , of the line in T n connecting e ?1 to e.
The action of BS(1; n) on is the natural pullback of the action : BS(1; n) ! Isom(X n ) by deck transformations of the universal covering map X n ! C n . That is, let g act on by taking ( ; x) to ( (g) (g) ?1 ; (g)(x)). It is easy to see that BS(1; n) acts freely, cocompactly, and properly discontinuously on , and that the map ! H 2 given by ( ; x) 7 ! x is a resolution of the action : BS(1; n) ! Isom(H 2 ). Remark. The lamination in example 9 is used to study quasi-isometric rigidity of BS(1; n) in FM96] and FM].
When is a representation laminable?
In order to get more interesting examples, and to get examples which are not laminable, we need a theorem which tells us how to recognize laminable representations.
Theorem (Resolving representations with laminations). Consider an action
: G ! Isom(X). Choose an arbitrary base point x 0 2 X, and consider the orbit map O: G ! X de ned by O(g) = g (x 0 ). The following are equivalent:
1. is laminable.
2. There exists a subset L G such that O L is a quasi-isometry between L and X, where the metric on L is the restriction of the word metric on G. 3. There exists :`! G which is a quasi-isometric embedding of X into G, such that O = Id`. 4. There exists :`! G which is a coarse Lipschitz map from X to G, such that O = Id`. A subset L G satisfying (2), or a map :`! G satisfying (3), is called a quasi-isometric section of the orbit map O: G ! X; more speci cally it is a Kquasi-isometric section if`is K-coarsely dense in X and is K-bilipschitz. A map :`! G satisfying (4), or its image (`) G, is called a coarse Lipschitz section of O. Thus, laminability is equivalent to the existence of either a quasi-isometric section or a coarse Lipschitz section of the orbit map. In fact the proof of the theorem will show that a coarse Lipschitz section and a quasi-isometric section are the same thing.
Here is an easy corollary of the theorem:
Corollary. Example 10. We discussed above the example of a manifold M bering over S 1 , and the fact that the induced representation 1 (M) ! R = Transl(R) is laminable.
We also discussed the \suspension ow" on M, a ow transverse to the bration, Example 11. In example 10, given a manifold M bering over the circle one obtains a short exact sequence
Consider more generally a short exact sequence of nitely generated groups 1 ! K ! G ! H ! 1 If X is any proper metric space on which H acts properly discontinuously and cocompactly, then we get a composed representation G ! H ! Isom(X). It is easy to see that the orbit map of G ! X has a quasi-isometric section if and only if the homomorphism G ! H has a quasi-isometric section with respect to word metrics (the section is not required to be homomorphic).
In Mos96] it is proved that if the group K is a nonelementary word hyperbolic group then there exists a quasi-isometric section H ! G. If X is any proper metric space on which H acts properly discontinuously and cocompactly, then we get a composed representation G ! H ! Isom(X). For an explicit example, suppose S is a closed, hyperbolic surface, p 2 S, and K = 1 (S; p). Let H = MCG(S) be the mapping class group of S, and let G = MCG(S; p) be the mapping class group of S punctured at p, and so we obtain a short exact sequence 1 ! 1 (S; p) ! MCG(S; p) ! MCG(S) ! 1 By Mos96], there is a quasi-isometric section of MCG(S) ! MCG(S; p). Therefore, if X is any space on which MCG(S) acts properly discontinuously and cocompactly, such as an equivariant, cocompact spine of the Teichm uller space T (S) ThuB], then the associated action of MCG(S; p) on X is laminable. Another way of viewing this example is that the canonical e S-bundle over X has a quasi-isometric section. For another explicit example, in Mos97] a short exact sequence of the form 1 ! K ! G ! H ! 1 is constructed where K is the fundamental group of a closed, hyperbolic surface, G is a word hyperbolic group, and H is a free group of rank 2. Also, in BFH96] a similar example is constructed where K itself is a free group of rank 2. In these examples, if X is any space on which H acts cocompactly and properly discontinuously, such as a tree, then the induced action G ! Isom(X) is laminable, and so we get a \tree lamination" on which G acts properly discontinuously and cocompactly by isometries. Laminability of the action G ! Isom(X) should also follow from problem 6.
Example 12. Let M be a Seifert bered 3-manifold over a hyperbolic 2-orbifold F, and let G = 1 (M). We take X = H 2 .
It is well known that M has a geometric structure locally modelled on either H 2 R or on PSL(2; R). In either case, the action of G on f M projects to an action : G ! Isom(H 2 ).
Claim. This action is laminable. This is a well-known fact, in unfamiliar clothing. Assume the geometry on M is PSL(2; R). The So, we only need to show that the map ] PSL(2; R) ! H 2 has a quasi-isometric section. Now this should seem more familiar.
We use the fact that PSL(2; R) T 1 H 2 , and so ] PSL(2; R) e T 1 H 2 . To de ne a section, choose base point x 2 H 2 , and choose an arbitrary \unit tangent vector" V x 2 e T 1 H 2 over x. For each y 2 H 2 , de ne V y over y by parallel translating V x along the geodesic segment from x to y. This de nes the section.
Why is this section quasi-geodesic? Suppose we have y; z 2 H 2 . Take the path from (y; V y ) to (z; V z ) obtained by rst parallel translating from y to x then parallel translating from x to z. There is another path starting from (y; V y ) to a point (z; V 0 z ) obtained by parallel translating V y along the geodesic segment from y to z. We need only check that the distance from V z to V 0 z is bounded, but in fact this distance is exactly equal to the area of the triangle whose vertices are x; y; z, and every triangle in H 2 has area at most .
Notice, that in the above example we haven't said what the lamination is. It is manufactured out of whole cloth in the proof of the theorem. In this example, we may take the lamination to be the set of all K-Lipschitz sections of the map ] PSL(2; R) ! H 2 , for some xed K which is su ciently large so that K-Lipschitz sections exist.
The lamination will most likely not be embedded in f M itself. The Seifert bered manifolds which possess a lamination transverse to the Seifert bration have been classi ed by Ramin Naimi, and the classi cation depends on delicate properties of the Seifert invariants. In the special case where F is a closed, oriented hyperbolic surface, so M ! F is a circle bundle with no singular bers, this problem was solved by Wood Woo76] Again, this is an application of packing. If there were a laminable representation of a free group, we would obtain a quasi-isometric embedding H n ! F. However, the group F itself embeds quasi-isometrically into H n with an image which is not coarsely dense, say as the orbit map of a Schottky group. By composition we obtain a quasi-isometric embedding H n ! F ! H n whose image is not coarsely dense, providing the desired contradiction of the Packing Theorem. We remark that there do exist cocompact actions of nite rank free groups on H n : take any nitely generated group G acting properly discontinuously and cocompactly on H n , and precompose the action G ! Isom(H n ) with a surjective homomorphism from a nite rank free group onto G. Thus, cocompactness is not a su cient condition for laminability.
Proof: Resolving representations with laminations. The equivalence of (2) and (3) is obvious, with L = (`) and`= O(L). The implication (3) =) (4) is obvious. To prove (4) =) (3), suppose :`! G is a coarse Lipschitz map from X to G such that O = Id`. Obviously the map O (`) is injective and we must prove that it is Lipschitz. In fact the whole orbit map O: G ! X is Lipschitz, with
where x 0 is the base point with respect to which the orbit map O is de ned, and G is a nite generating set for G.
The equivalence of (1) with the other properties is a consequence of the following principle: the leaves of the resolving lamination are the quasi-isometric sections of the orbit map.
Using this principle as a guideline we rst prove (1) =) (4). Let : G ! Isom(X) be a laminable representation, with resolution : G ! Isom( ) and projection q : ! X.
Note that q : ! X is coarsely Lipschitz. This follows from the proof of the Claim. s: X ! is a quasi-isometric embedding.
Since q : ! X is coarsely Lipschitz, it follows that s ?1 = q L: L ! X is coarsely Lipschitz with respect to the metric on L induced by restriction from X. We also know that s: X ! L is an isometry with respect to the intrinsic metric on L.
To prove the claim it remains to show that the inclusion map L , ! is coarsely Lipschitz, with respect to the intrinsic metric on L. To prove this we need a lemma. Given a leaf l of , y 2 l, and r 0 let B l (y; r) be the closed r-ball around y in l, the set of all points x 2 l such that d l (x; y) r, where d l is the intrinsic metric in l. Given y 2 let l(y) be the leaf of containing y. For We have proved that :`! G is a coarse Lipschitz section of the orbit map O : G ! X, completing the proof that (1) =) (4).
To complete the proof of the theorem we will show (2) =) (1). Consider a representation : G ! Isom(X) with orbit map O(g) = g (x 0 ). By condition (2), there exists a number K such that a K-quasi-isometric section of O: G ! X exists. For the remainder of the proof we x the number K.
De ne as a point set to consist of all ordered pairs (L; x) where L is a Kquasi-isometric section of O, and x 2 X. Once the lamination structure on is de ned, there will be one leaf for each K-quasi-isometric section L, consisting of all pairs (L; x) as x varies over X.
De ne a metric on by adapting example 2. Given (L; x) 2 and r 0 de ne The rst term is needed to avoid the possibility that x 1 6 = x 2 and r (L 1 ; x 1 ) = r (L 2 ; x 2 ) for all r 0 (which is only possible if L 1 = L 2 and if X is somewhat weird; it is impossible if X is a Riemannian manifold).
For each (L 0 ; x 0 ) 2 and a > 0; r > 0 de ne B(L 0 ; x 0 ; a; r; R) to be the set of all (L; x) 2 such that d X (x; x 0 ) < a and r (L; x) N R ( r (L 0 ; x 0 )), where N R means the neighborhood of radius R with respect to the word metric on G.
Notice that each open ball about (L 0 ; x 0 ) 2 is contained in the set B(L 0 ; x 0 ; a; r; R) for some a; r; R > 0. To prove that is proper, it therefore su ces to choose a sequence (L i ; x i ) 2 B(L 0 ; x 0 ; a; r; R), and prove that this sequence has a convergent subsequence in .
For each s 0, there are only nitely many possibilities for the set L i \ O ?1 (B s (x 0 )), because this set is contained in some nite subset of G which depends only on s and not on i, namely the neighborhood around r (L 0 ; x 0 ) of some radius which depends only on s and not on i.
Since x i is a bounded subsequence of X, contained in B a (x 0 ), we may pass to a subsequence so that x i converges, say to x.
Since L i \ O ?1 (B 1 (x 0 )) has only nitely many values, we may pass to a further subsequence so that L i \ O ?1 (B 1 (x 0 )) is eventually constant.
Pass to a further subsequence so that L i \ O ?1 (B 2 (x 0 )) is eventually constant. Pass to a further subsequence so that L i \ O ?1 (B 3 (x 0 )) is eventually constant. Pass to a further subsequence so that L i \ O ?1 (B 4 (x 0 )) is eventually constant.
: : : By diagonalization we obtain a subsequence of (L i ; x i ) which converges to something of the form (L; x), where L \ O ?1 (B n (x 0 )) is the stabilized value of L i \ O ?1 (B n (x 0 )). We need only check that O L is a K-quasi-isometry between L and X. The intersection of L with an arbitrarily large ball in G maps K-quasiisometrically to a subset of X, and so L embeds K-quasi-isometrically into X. To show that the image is coarsely dense in X, given y 2 X choose n so large that y 2 B n (x 0 ), and then choose i so large that L i \ O ?1 (B n+K (x 0 )) has stabilized. Clearly O(L i ) contains a point z within distance K of y, and z 2 O(L).
To prove that is a lamination, consider (L; x). We must construct a local transversal T. Choose r large enough so that L \ O ?1 (B r (x)) is nonempty. Let T be the set of all (L 0 ; x) such that L 0 \ O ?1 (B r (x)) = L \ O ?1 (B r (x)). There is an embedding T X 7 ! given by ((L 0 ; x); y) ! (L 0 ; y), and the image is obviously open (note also that T is compact; thus T is totally disconnected, which seems to happen quite often with lamination constructions). This embedding de nes a lamination chart around (L; x). The overlap condition is easily checked.
The action of g 2 G on is given by g (L; x) = (g L; g (x)). To prove that the action is cocompact, consider (L; x) 2 . Choose g 2 L such that O(g) 2 B K (x). Now g ?1 (L; x) = (g ?1 L; ?1 g (x)). Note that g ?1 L contains the identity element of G. Note also that ?1 g (x) is in a xed bounded neighborhood of O(identity). The set of all such points in is obviously precompact.
To prove that the action is properly discontinuous, consider (L; x) 2 , and suppose g i is an in nite, 1{1 sequence in G. We must show that g i (L; x) has no accumulation points in . If (g i )(x) has no accumulation points we are done.
So, passing to a subsequence, suppose that (g i )(x) converges to some point y 2 X. Choose h 2 L so that O(h) is close to x. Note that g i (h) 2 g i L. Also, for i su ciently large we have that O(g i (h)) is close to y. Now g i h is leaving every bounded subset of G, because of the assumption that g i is an in nite, 1{1 sequence in G.
On the other hand, if (g i L; (g i )(x)) accumulated anywhere in , then there would be points k i 2 g i L such that O(k i ) is close to y, and such that k i converges in G, i.e. k i is eventually constant. Since the orbit map on g i L is a quasi-isometry, it follows that k i is uniformly close to g i h. But k i is staying bounded in G, whereas g i h is leaving every bounded subset of G, a contradiction showing that (g i L; (g i )(x)) cannot accumulate in .
Therefore, the action of G is properly discontinuous. }
Remark. In the above proof that (2) =) (1), we constructed a lamination consisting of all K-quasi-isometric sections of the orbit map, for some xed K. As which has a xed length = 1, independent ofÃ and i.
Here are some speci c examples. In the case where k = 1 and M = (n) we obtain the usual metric (dx 2 + dt 2 )=t 2 on the upper half plane, with the action of BS(1; n) de ned earlier. When M is a k k diagonal matrix with n's down the diagonal we obtain hyperbolic k-space H k , and so we obtain nonproperly discontinuous, laminable actions on Isom(H k ).
Example 18. One can also start from a matrix M 2 GL(K; Z), that is, a K K matrix with jdet(M)j = 1, and build a group BS M using the exact same presentation as above. In this case, instead of basing the de nition of H M on the upper half plane model for H 2 , one should base the de nition on the \logarithmic model" R R with metric ds 2 (x;r) = dx 2 =e 2r +dr 2 . Thus, H M = R K R with metric ds 2 M (x;r) = (M ?r ) dx 2 + dr 2 , and the action of BS M is easily written down. However, since det(M) = 1 it follows that BS M acts properly discontinuously and cocompactly on H M . This is, of course, a laminable action.
Example 19. Now we give a di erent generalization of example 9. Suppose that M is a K K matrix of integers such that D = jdet(M)j 1. We wish to de ne a laminable representation of BS M on H 2 , but to do this we need to make some F(x; t) = ( (x); t) and equivariance is easily established. A section of this map is de ned by (y; t) 7 ! (yṽ 0 ; t) and it is easily checked that this section is isometric, using the fact that Mṽ 0 = ṽ 0 . Question 21. Which nitely generated groups can act faithfully and laminably on H 2 , xing a point at in nity?
As remarked earlier, in order for a group action to be laminable it must be cocompact, which is equivalent to the orbit map having coarsely dense image. It is easy to see that the orbit map G ! H 2 has coarsely dense image if and only if the groups Transl(G) and Stretch(G) are nontrivial; note that for subgroups of Transl(R) or Stretch(R), nontriviality is equivalent to being in nite.
Question 21 is therefore equivalent to:
Question 22. Which nitely generated subgroups G A + (R) Isom(H 2 ), such that Transl(G) and Stretch(G) are nontrivial, are laminable? To make the question still more tractable, let us specialize as follows. The group Stretch(G) is a nontrivial, torsion free, nitely generated, abelian group, and so Stretch(G) Z n for some n 1. Let us make two assumptions about G:
(i) n = 1 and so Stretch(G) is in nite cyclic.
(ii) G is nitely presented. We make use of these assumptions as follows. Since Stretch(G) is in nite cyclic then we have a semidirect product Thus, restricting question 22 by adding on assumptions (i) and (ii), we can apply problem 20 to the resulting groups, and we obtain the following:
Question 23. Given a nitely presented subgroup G A + (R) such that Transl(G) is in nite and Stretch(G) is in nite cyclic, is laminability of the action G BS M ?! Isom + (H 2 ) equivalent to condition (2), namely that M has a 1 1 Jordan block whose row corresponds to ?
Tilings
In this section we give a further characterization of laminable actions on a proper metric space X, in terms of tilings of X. In order to simplify some of the arguments we will assume that X is path connected and simply connected, for example a manifold; it seems possible that these assumptions can be replaced by some kind of \large scale simply connectivity".
Let G be a group. A G-tiling set for X consists of the three pieces of data: (1) A nite set of prototiles.
(2) A nite set of edge matching rules. (3) A nite set of vertex matching rules. subject to four conditions:
(i) \Well-de ned" property.
(ii) \Symmetry" property.
(iii) \Generating" property.
To be more precise:
(1) Prototiles These form a nite, indexed set f i g i2I , each a compact subset of X.
(2) Edge matching rules These form a nite set, each element of which is a quadruple of the form ( d ; r ; f; g) where d ; r are prototiles, f is an isometry of X, g 2 G, and f( d ) \ r 6 = ; (this intersection is the \common edge" of the tiles f( d ), r ). The vertex matching rules will be de ned later. The three conditions give restrictions on the prototiles and edge matching rules: Figure 1 : A G-arrow from a tile T 0 to a tile T. In the gures, G-arrows will be drawn as dotted arrows.
From properties (i-iii), if the tile generators are g 1 ; g ?1 1 ; : : : ; g n ; g ?1 n then we have a well-de ned representation from the free group F(g 1 ; : : : ; g n ) to Isom(X): if f i 2 Isom(X) is associated to g i , then the word g i 1 g i k maps to the isometry f i 1 f i k . However, we do not know that this induces a representation of G, because we do not know what happens to relators in G. This is the purpose of the \vertex matching rules", but rst we need some auxiliary concepts.
De ne a tile to be a triple ( i ; ; T) where i is a prototile, is an isometry of X, and T = ( i ), a compact subset of X. If I can get away with it, I will simply use T to represent the tile, with and i understood. This works, for instance, if the set of prototiles has \no symmetries", i.e. if whenever you have two prototiles i ; j and an isometry such that ( i ) = j then you have i = j and = Id X . Suppose you have two tiles ( i ; ; T), ( i 0; 0 ; T 0 ), and a tile generator g 2 G. We say that T 0 g ? ! T is a G-arrow (more formally, the triple ( i 0; 0 ; T 0 ); g; ( i ; ; T)] is a G-arrow) if T \ T 0 6 = ;, and there is an edge matching rule ( i ; i 0; f; g) such that 0 f = (see gure 1). An edge matching tiling T consists of a collection of tiles, together with a Garrow T 0 g ? ! T for any two tiles T; T 0 2 T with nonempty intersection, such that for any T; T 0 2 T there is a sequence T = T 0 ; T 1 ; : : : ; T n = T in T where T i?1 \ T i 6 = ;, i = 1; : : : ; n. At the moment we do not require an edge matching tiling to cover X.
Suppose you have an edge matching tiling T . De ne a tile path in T to be a sequence T 0 ; T 1 ; : : : ; T n in T such that T i?1 \ T i 6 = ;, i = 1; : : : ; n. Associated to a tile path there is a sequence of G-arrows T n gn ?! T n?1 ! ! T 1 g 1 ?! T 0 , and an associated word g n g 1 in the tile generators of G. Note the reverse order of the letters|the point is that if, say, the tile T n is given more formally as ( n ; n ; T n ),
Figure 2: A tile path T 0 ; T 1 ; T 2 , with associated word g 2 g 1 .
then ( gure 2) the tile path T 0 ; T 1 ; : : : ; T n?1 ; T n is the image, under n , of the tile path (f n f 1 )( 0 ); (f n f 2 )( 1 ); : : : ; (f n )( n?1 ); n A vertex cycle in an edge matching tiling T is de ned to be a closed tile path T 0 ; T 1 ; : : : ; T N = T 0 in T such that T 1 \ \ T N 6 = ; (this intersection is the \common vertex", though it may be more than one point). As with any tile path, associated to a vertex cycle there is a word in the tile generators of G. A vertex cycle is simple if no tile is repeated.
The nal datum in a G-tiling set is:
(3) Vertex matching rules These form a nite set, each element of which is a vertex cycle T 0 ; T 1 ; : : : ; T N = T 0 in some edge matching tiling, such that the associated word is a relator in G (see gure 3). These are called the tile relators of the tiling set.
Associated to a G-tiling set for X there is a representation : G ! Isom(X), de ned by (g) = f for each edge matching rule ( d ; r ; f; g). Properties (i{iii) guarantee that is a representation of G. Now we de ne the concept of a G-tiling of X. Fix a G-tiling set for X. Given an edge matching tiling T and a vertex cycle T 0 ; T 1 ; : : : ; T N = T 0 in T , we say Figure 3 : A vertex cycle T 1 ; T 2 ; T 3 ; T 1 with associated word g 31 g 23 g 12 in G.
In order for this vertex cycle to be a vertex matching rule it is necessary that g 31 g 23 g 12=Id in G. A G-tiling of X is a locally nite edge matching tiling T such that every vertex cycle in T satis es some vertex matching rule, and S T = X.
Here is our main result:
Theorem (Representations and tilings). A nitely presented group G has a laminable representation in Isom(X) if and only if there exists a G-tile set for X which tiles X. Remark. In an earlier version of this paper we required a tiling set to satisfy the property that the tile relators formed a de ning set of relators for G; also, the theorem was stated with the additional hypothesis that G be nitely presented. However, the proof given in that earlier version had a hole. At present I do not know whether one can go from a laminable representation to a G-tiling whose tile relators form a de ning set of relators for G.
On the other hand, given a G-tile set, one can de ne a nitely presented group G 0 using the tile generators and tile relators. The G-tile set then becomes a G 0 -tile set, and the representation G 0 ! Isom(X) factors as G 0 ! G ! Isom(X). Remark. Given a G-tile set, if the associated homomorphism : G ! Isom(X) can be factored as G ! H ! Isom(X), where G ! H is surjective, then we may convert the G-tile set into an H-tile set by replacing each tile generator in G with its image in H. This is in accord with the fact that if G ! Isom(X) is laminable then H ! Isom(X) is laminable.
Before giving the proof I would like to illustrate its use by some examples.
Example 24. Once again, the solvable Baumslag-Solitar group BS(1; n). To simplify matters we restrict to the case n = 2: BS(1; 2) = a; b bab ?1 = a 2
We describe a BS(1; 2) tiling set which tiles the upper half plane model of H 2 . The associated representation BS(1; 2) ! PSL(2; R) Isom(H 2 ) of this tiling set is the one given in example 9.
The tiling set has one prototile, the \model horobrick" H = ? Each of these rules has an inverse, depicted in gure 4. In the last three rules, the matrix is left to the reader. Note that the a ?1 b and a 2 b rules match corners of the prototile. As the reader may have observed, the terminology of \edge" matching rules is therefore somewhat of a misnomer|an edge matching rule is de ned for any pattern of two intersecting tiles, no matter what the geometrical shape of the intersection.
Two of the vertex matching rules are depicted in gure 5: Three tiles coming together at a common corner, with relator (a)(b)(ab) ?1 . Four tiles coming together at a common corner, with relator (b)(a)(ab) ?1 (a) ?1 . There are several other vertex matching rules|in all, there is one vertex matching rule for each simple vertex cycle in the two edge matching tilings depicted in gure 5 (a simple vertex cycle is one for which no tile is repeated). To see directly that H 2 can be tiled, take the collection of tiles T = f ?2 n+1 + i2 n+1 ; i2 n+1 ] 2 n ; 2 n+1 ] i; n 2 Zg
In fact there are uncountably many di erent tilings: one for each element of the set Ends(T 2 ) ? fe ?1 g described in example 2; alternatively, there is one tiling for every leaf of the lamination described in example 9.
Example 25. There are many interesting examples of aperiodic tiling sets in E 2 .
Using Conway's method, as described by Thurston Thu90], we can often assign a group G to a tiling set, making that tile set into a G-tiling set for E 2 .
Consider for example the Penrose tiling set, with 10 prototiles 1 ; : : : ; k , several edge matching rules ( d ; r ; f) (no group elements are speci ed yet). One can write down a nite number of vertex matchings, consisting of all possible vertex cycles which t around a point in E 2 with no overlap of tile interiors (no group relators are speci ed yet). Now de ne a group presentation. First, for each prototile, pick a base point and a frame at that point; call this the base frame for the prototile. Then, for each edge matching rule, assign the isometry which takes the base frame of the domain tile to the base frame of the range tile. Associate group elements to the edge matching rules. Now, for each possible arrangement of tiles around a vertex, we obtain a relator; make this the set of de ning relators. This presents a group G, the \Conway-Penrose tiling group".
Obviously the Penrose tiling set is a G-tiling set for E 2 that tiles E 2 . The Penrose tiling therefore gives you a laminable action of G on Isom(E 2 ).
What is the Conway-Penrose tiling group G? It is itself, of course, but one might want to know if it can be described in more familiar terms.
The group G is not word hyperbolic. In fact, no group which has a laminable action on E 2 is word hyperbolic, because negatively curved groups cannot receive quasi-isometric embeddings of E 2 : a su ciently large triangle in E 2 violates any given thinness bound on triangles. Examples of this sort were considered in MO97].
Rick Kenyon has worked out that the group G contains a Z Z subgroup.
Because the Penrose tiling has a self-similarity, via a complex a ne map whose derivative is an algebraic number of some degree n (whose value I cannot remember), one might guess that there is a close relation between the group G and the group Z n . Example 26. Thurston gives a construction of self-similar tilings of E 2 , starting from an element A 2 SL(n; Z) which has a 2-dimensional invariant subspace V such that A V is a complex a ne expansion, with eigenvalue z 2 C, and A is contracting in the directions orthogonal to V (see ThuA] or Ken90]). By taking a neighborhood of V and projecting the integer lattice points in this neighborhood to V , one obtains a point set in V whose Delauney triangulation is a self-similar tiling of V , with expansion factor equal to z (this is where I got the idea for the proof of the theorem Representations and tilings). One can apply Conways method to these tilings to give many interesting groups G and associated G-tilings sets for E 2 .
It seems likely that by choosing A appropriately, Thurston's construction yields the Penrose tilings, which would give strong evidence that the Conway-Penrose tiling group is somehow related to Z n .
Remark. Our concept of G-tiling does not require self-similarity. It seems likely that self-similarity is related to some kind of Hop an property for G.
Proof: Representations and tilings. In one direction, suppose there is a Gtiling set of X which tiles X. The representation is given by the map (g) = f for each edge matching rule ( d ; r ; f; g).
Any G-tiling of X gives a quasi-isometric section of the orbit map of , as follows. If T is the tiling, choose some base tile T 0 2 T , and choose a base point x 0 2 T 0 with respect to which the orbit map O: G ! X is de ned. By translating T we may assume that T 0 is a prototile. For each T 2 T, choose a tile path T 0 ; T 1 ; : : : ; T n = T, and let g n g 1 be the associated word in the tile generators. The group element g = g n g 1 2 G associated to this word depends only on T, because each vertex cycle is a vertex matching rule. Thus, there is a well-de ned map which associates, to each T 2 T , the group element g = g n g 1 ; the identity element Id is associated to the base tile T 0 . To see that set of all such group elements is a coarse Lipschitz section of the orbit map O, note that for each T one can choose the tile sequence T 0 ; T 1 ; : : : ; T n = T 0 so that n K d(T 0 ; T) + C for some constants K 1; C 0 independent of T|take the tiles intersecting some geodesic from T 0 to T (here we use the fact that X is a proper Riemannian manifold). It follows that d(Id; g) K d(T 0 ; T) + C, from which it easily follows that we have a coarse Lipschitz section.
Alternatively, one may argue that the set of all G-tilings of X forms a lamination on which G acts properly discontinuously and cocompactly, and this lamination gives a resolution of .
In the other direction, suppose that G acts cocompactly, properly discontinuously by isometries on an X-lamination , and there is a resolution q : ! X of a representation : G ! Isom(X). We will construct a G-tiling set which tiles X.
Here is the idea of the proof. We will x some leaf L of and some appropriate number S > 0, and we will look at the neighborhood N S (L). Fixing a base point x 0 2 with respect to which the orbit map O: G ! is de ned, we will intersect the orbit O(G) with N S (L), and project the resulting set to X. The image in X is coarsely dense, by the proof of the theorem Resolving representations with laminations, and we will do the Delauney construction on this set to obtain a tiling.
Fix a nite presentation of G, with respect to which the word metric is de ned. N A+R (L) . According to the proof of the theorem Resolving representations with laminations, the map Q is a quasiisometry between K and X, and so the image QK is C-coarsely dense in X, for some constant C 0.
De ne a collection T of subsets of X, indexed by K, using the Delauney construction on the set QK: for each g 2 K let C(g) = fy 2 X d(y; Qg) d(y; QK ? Qg)g and let T = fC(g) g 2 Kg. Notice that this indexing may not be 1{1, for instance C(g) = C(g 0 ) if Qg = Qg 0 , which may happen even if g 6 = g 0 (if the action of G on X is not free). Note that C(g) 6 = ;, for Qg 2 C(g). In fact C(g) contains an open set about Qg, for there exists > 0 such that QK \ B X (Qg; ) = fQgg, and so B X (Qg; =2) C(g). We will refer to the elements of T as tiles, which will be justi ed after we have constructed a G-tiling set for X and shown that T is a G-tiling.
Each tile C(g) is compact. First we have that C(g) is bounded, in fact C(g) B C (Qg), for if d(y; Qg) > C then we may choose z 2 QK so that d(y; z) C < d(y; Qg). Since C(g) is obviously closed, compactness follows.
For each y 2 X and s 0 let K s (y) = K\Q ?1 (B s (y)) = fg 2 K d(y; Qg) sg. Since Q is a quasi-isometry between K and X, it follows that K s (y) is contained in some ball in G whose radius depends only on s, and so:
Fact. For each y 2 X and s 0 the diameter of K s (y) in G is bounded by a constant depending only on s. } The collection T is uniformly locally nite, for if y 2 X then, as we have seen, y 2 C(g) only if g 2 K C (y), and so the number of elements of T containing y is bounded by the cardinality of K C (y).
Up to the action of G on X, there are only nitely many possibilities for the sets C(g). To De ne the indexed set of prototiles as follows. There is an equivalence relation on K where g g 0 if and only if g 0 g ?1 K 2C (Qg) = K 2C (Qg 0 ). As seen above, if g g 0 then g 0 g ?1 C(g) = C(g 0 ), that is, C(g) and C(g 0 ) di er by an isometry of X. Since there are only nitely many possibilities for the set K 2C (Qg) up to the action of g, it follows that there are only nitely many equivalence classes in K; let I be the set of equivalence classes. For each I 2 I de ne a prototile T I = g ?1 C(g) where g 2 I, and note that T I is well-de ned independent of the choice of g 2 I. Thus we have a nite, indexed set of prototiles fT I g I2I .
Next we describe the edge matching rules. For any tiles C(h); C(h 0 ), h; h 0 2 K such that C(h) \C(h 0 ) 6 = ;, let I; I 0 be the equivalence classes of h; h 0 , and de ne an edge matching rule (T I ; T I 0; ((h 0 ) ?1 h); (h 0 ) ?1 h) (see gure 6). The G-arrow from C(h 0 ) to C(h) is labelled (h 0 ) ?1 h.
To prove that there are nitely many edge matching rules it su ces to prove that there are nitely many possibilities for (h 0 ) ?1 h, given that h; h 0 2 K and C(h) \ C(h 0 ) 6 = ;. Choosing y 2 C(h) \ C(h 0 ) it follows that h; h 0 2 K C (y) and so the distance from h to h 0 is bounded by the diameter of K C (y), which is bounded independent of y.
Conditions (i) and (ii) in the de nition of a G-tiling set are easily veri ed. Condition (iii) says that the elements of G attached to the edge matching rules form a generating set for G. To prove this, consider our original nite presentation for G, and let g be a generator in this presentation. Recall that d (x 0 ; g x 0 ) R. Using the fact that A is a coarse denseness constant in for the orbit of x 0 , choose h 2 G so that h x 0 2 N A (L), and hence h (g x 0 ) 2 N A+R (L). Setting h 0 = hg, we therefore have h x 0 ; h 0 x 0 2 N A+R (L), and so h; h 0 2 K. Using path connectivity of X, let p be a path from Qh 2 C(h) to Qh 0 2 C(h 0 ). Using the fact that each tile C(k) contains an open neighborhood about Qk, the path p is covered by a sequence It follows that g = h ?1 h 0 = (h ?1 0 h 1 )(h ?1 1 h 2 ) (h ?1 n?1 h n ) is a product of the group elements that label edge matching rules. Since g is an arbitrary element of our original generating set for G, it follows that the group elements labelling edge matching rules form a generating set for G.
Note that by construction of the edge matching rules, the collection T is an edge matching tiling, with a G-arrow C(h 0 ) (h 0 ) ?1 h ????! C(h) whenever C(h) \ C(h 0 ) 6 = ;. It remains to de ne the vertex matching rules. We will proceed much as we did with the edge matching rules: each vertex cycle in the tiling T will yield a vertex matching rule, and we must prove that the set of rules so de ned is nite. From the construction it will follow that T is a G-tiling. Here is another point of view: given an X-lamination, is it representable?
Theorem. Given a topological product X-lamination and a properly discontinuous, cocompact action : G ! Isom( ), the following are equivalent:
1. There exists a representation : G ! Isom(X) and a map ! X which is a resolution of .
2. has a G-equivariant at structure. 3. The quotient X-lamination =G has a at structure.
Moreover, in case (2) the representation is given by the holonomy of the at structure.
What is a at structure? I take the liberty of extending a common terminology in bundle theory, at the risk of overusing a vastly overused term. Flat means that when you have overlapping coordinate charts D T and D 0 T 0 , the shearing map, from a subtransversal of T to Isom(X), is constant. There are many equivalent ways to say this: the structure group of the X-lamination reduces to a discrete group; there is a lamination transverse to such that has a transverse X-structure, which induces the given X-structure on each leaf of . In the context of X-bundles, these notions are discussed in Goldman's thesis Gol80] and also Gol88].
Proof. Since R is abelian, the representation would factor through the abelianization of G. But the product of commutators maps to the trivial element, contradicting that t maps to translation of length L.
